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Charge Conservation 3t
Current density, J, is a vector valued current per area, in Sl units Alm?. Performing a surface
integral with J gives the total current passing through an area.

| = ” J.ds

surface
2z a

For example, the current in the +a, direction through the surface below is | = j I J.ds
$=0 p=0
z

ds = pd¢dp a,

X
If integration done about a closed surface, the result is the net current leaving the volume

enclosed by the closed surface. Assuming that charge is neither created nor destroyed within
the volume, the net current out of the volume must equal the time rate of change of charge
stored within the volume. Here ds is assumed to be directed out of the volume.

dQ
ly = — = Jeds
out dt @

surface

Charge conservation is a generalization of KCL, where it is assumed that nodes cannot store charge.

Point form of charge conservation 3t
Like any vector, the divergence theorem holds for current density.

f[[vesdv=dpa-as

volume surface

Using charge conservation

Divergence holds for current density, which is electric charge flux.
From the definition of charge and current density:

dQ
l, = —— = Jeds
out dt @

surface

=@l = [ -Rav= dpaeos

volume stationary  volume surface
volume

Where p is volume charge density. This result, together with the divergence theorem,

” Velddv = <ﬁ>J-ds

volume surface
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gives the point form of charge conservation.

0
vel =-2
ot
Consider the physical meaning of the divergence of J. The divergence of the current density
must be the net current out per unit volume. The net current out per volume is the time rate of
change of the net charge per unit volume leaving a point.

Example: spherical shell 393
The current density in a spherical shell, J =100 a, A/m?. Given rpper=0.1 mandt=1cm,

answer the following questions by using surface integrals. Check your answer using volume
integrals.

i) Isthe charge within the spherical shell increasing or decreasing with time?

i) Atwhat rate is the charge increasing or decreasing?

t ~ thickness

\II
y
|
: . . dQ
For this problem, the surface integrals will be of the form |, = gt = CﬁD Jeds
surface
. , dQ
The volume integrals will be of the form |, = ot = m' VeJdv

volume

using surface integrals
g

n 2n 2n
4Q [ [100 (0.17)a,+ (0.12)° sin6 dodga, + [ [ 100 (0.1)a, (0.1)° sin6 dodep(-a,)

dt oo 620 20
dQ _ 3 3

~q =100 (0.11)° 4z - 100 (0.1)° 4

dQ _

— = -0.416C/s
dt
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check using volume integrals

Tousel, = dd—? = m' V « J dv, the divergence of J is needed.
volume
_10r. _ 3
Vel= r_ZE[r (1001)] =300 A/m
n 27 0.11 3 _ 3
dQ [ [ ] 300 rzsinedrd(pd6=300[uj4n
dt 6=0¢=0r=0.1 3

aQ = -0.416 C/s
dt

The charge in the shell is decreasing at a rate of 0.416 C/s. That the charge is decreasing is
reasonable since both J and the surface area increases as r increases.

More current is leaving the outer surface of the spherical shell (where r is greater) than is
entering the inner surface.

Charge neutrality and relaxation time 393

If a net charge were introduced in a material, does the material return to a neutral state or does
the material remain charged? The answer lies in the material’s conductivity. In a good
conductor, charge moves rapidly and a localized net charge is rapidly eliminated. On the other
hand, if a net charge were introduced in a good dielectric (perhaps by ion implantation), the
material would maintain a net charge for an extended period.

From charge conservation and Gauss’ law,

Vel =V-GE=-% VeD =VecE=p

Combining the two equations to eliminate E,

cdp p=0 — p(t) = poe-Zt
o dt

Where £ - 7 is the “relaxation time”, the characteristic time required for material to return to
O

charge neutrality.

« For copper, o = 5.8 (10°) S/m, ¢ = 8.854(10*%) F/m, t = 1.5 (109 s
« For undoped silicon, ¢ = 4.4 (10*) S/m, £ = 1.045(10™) F/m, t = 2.4 (10") s
For glass, 6 = 10™® S/m, ¢ = 8.854(10™) F/m, t =89 s

« For fused quartz, o = 10" S/m, ¢ = 3.365(10™") F/m, t = 3.4(10° s = 39 days
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Faraday’s law 393
In the early 1800's Michael Faraday discovered that when a loop of wire encircles a time-varying
magnetic field, a voltage is induced about the loop of wire.

In the loop of wire shown below, a voltage will be induced if a time-varying magnetic field
passes through the area defined by the loop.

|

do/dt

\

How is V related to the changing flux and how does one predict its polarity? Faraday found the
relation to be

d¢

dt

In terms of the electric field and magnetic flux density vectors,

$E - di :-% [[ B«ds

loop surface

dl and ds are related by the right-hand rule. With the fingers of your right hand in the direction
of dI, your thumb will be in the direction of ds.

The induced voltage is equal to the path integral of the electric field, V = 4) E .dl

loop
Consider for the moment that the wire is a perfect conductor, and begin the path integral at the
negative sign of V in the direction indicated below. Putting the fingers of your right hand in the
direction of dl, results in the thumb of your right hand being directed upward, which is the
direction of ds.

/ﬂ{ __E=o0

+
\%

T % B
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If the path is taken within the PEC, the path integral in the conductor will yield nothing and the

induced voltage is V = IE «dl. Whatis required for the induced voltage to be positive? As

can be seen from the diagram ds is upward (this is determined by the RHR from dl) so that
B « ds in the relation below is negative.

v:ﬁ%ﬂs.m

surface

In order for V is be positive, the time derivative must be positive. So, with B directed as above,
with ds and B in opposite directions, V will be positive if B is increasing with time.

Another arrangement would also result in V being positive. If B were directed upward rather
than downward and were decreasing rather than increasing with time. If these conditions were
met, V would again be positive. B and ds would be in the same direction so that B « ds would
be positive. The only way to end with a positive result would be for the time derivative, d/dt, to
introduce a negative sigh — B must be decreasing with time in order for V to be positive.

From this discussion, one can see that, for V > 0, two possibilities exist. The first is that B is
directed downward and is increasing with time.

d d
v:~£ N @Emlzﬁfﬁa.m

loop surface

The other possibility is that B be directed upward and is decreasing with time.

{Bmmm>0) B (dB/dt < 0)
+ +
di dl



Lenz's law 3t
We are now in a position to appreciate the
significance of the negative sign in Faraday's law, dB/dt > 0

referred to as Lenz’'s law. Connect a resistance to +

one of the loops above. One can see, that for V>0 R @
V>0, the direction of current flow will be in the )

same direction as dl. \E %

Now, eliminate the resistor and consider the wire
to be a non-perfect conductor. The direction of
current flow would be unchanged.

Consider this: If the rate that B were increasing <>
would rise, i would increase. The magnetic field \\*

from i Wf)uld.be directed oppf)site to thg flux which i * B (dB/dt > 0)
caused it to increase. There’s a negative
feedback mechanism at work.

Consider what would happen without Lenz’s law. In this case an increase in dB/dt would result
in a increase in a current whose flux would add to the flux which caused it, thereby further
increasing the current and so on. This would violate the conservation of energy. Itis not
physical.

When Faraday began his experiments, it was not known what quantity was induced in a loop
linked by a changing magnetic field. Was the induced quantity a current or a potential?

To distinguish between the two possibilities, Faraday used several rings of the same size and
thickness, but made from different materials and measured the current. He found that the
current was less in those rings with lower conductivity and higher in those rings made from a
material with higher conductivity.

Upon further investigation, Faraday found the current was proportional to the conductivity. With
this experimental evidence, he proposed that the induced quantity in a loop was an
electromotive force (a voltage) and that the current present in a shorted loop is simply Ohm’s
law at work.
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Faraday's law — transformer and motional emf ¥t
Starting with the integral form of Faraday’s law,

_ 9% N @E-dl:-%ﬂs-ds

loop surface

If the surface over which the surface integral is taken is stationary in space, the only possible
time variation of

H B.ds

surface
is in the explicit time variation of B. In this case, the total time derivative outside the surface
integral can be replaced by a partial derivative with respect to time operating on B.

oB
V = - ” o ds transformer emf
ot

surface

This electromotive force is termed transformer emf since the coils of transformers are typically
stationary.

Motional emf

Consider a conductor moving in a magnetic field. The charges within the conductor experience
the magnetic component of the Lorentz force. The force per-unit charge is an electric field
(granted, it is not an electrostatic field, but it is an electric field and places a force on an electric
charge).

motional

F =q(vxB) - E =E=VXB
q

The induced motional emf is CJSE «dl = Sf)(v x B) « dl

For a combination of motion and time-variation in the B field, these components add to give the
total expression for the induced voltage.

oB
v=-f —rds $(vxB)-dl  (dland ds related by RHR)

surface
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Example: motional and transformer emf 393
A 100 T coil moves in a magnetic field produced by a current i(t). The motion of the coil is in the
x=0 plane with a velocity v.

i)  Given an expression for B in the x = 0 plane (assume air).

i) find integral(s) for v(t) in the diagram shown below.

i) For a current on the z-axis in the a, direction,
the resulting magnetic flux density is

i AZ
=+~ _a
27p ¢ /

In this expression, p is the distance from the

current, m is the permeability and a, is determined h | 100 tumns

loop moves in x =0 ple

from the right hand rule.

z4r +v(t) -
Adapting this relation to the problem at hand, z is «— Ww—>
the distance from the current, p, is the permeability / ;(1 : » Y
of air, and placing your thumb along i(t) reveals a,  «x iV
to be the direction of the field in the x=0 plane.
B=toly
27z
N oB
i V,r =- «ds + v x B) «dl
) Vo= I $(vxB)
surface path
zi+h+v,t Y +wHvt p dl
Vi =- - —a, «dydza, +
v z:z;[rv t y:y;|.+v t 27z dt " y "
z,+h+v,t Lo | yitvyt Lo |
[ (v, + vzaz)xﬁax cdza,+ [ (v + vzaz)xﬂaX -dya,
Y=Yt Wt z=z,+h+v,t

7=7,+V,t

Yt w vyt

+ Zl]'VZt {(vyay + vzaz)xMax} .dza, + -dya,

277 l:(vyay + VZaZ)XgLiax:l

nZ

7=z, + h +v,t Y=y vyt z=2z,+v,t
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(transformer emf)

+h+ i
V., = AN ES v,t)di
z, +v,t )dt

el In[w (from first part of path integral)

27 z, +v,t
H WV,
- [ from second part
27(z, +h+v,t) ( par)
[z, +h+v,t : . z, +Vv,t [z, +h+v,t
+ Lojp 217V (from third part) - Hojip| 2T Vel |2 o A TN T VSR
2 z, +V,t 27 z, +h+v,t 2 z, +v,t
(AY
+ Y (from fourth part)
27(z, +V,t)
V =100 V,;
Understanding is deepened when the problem is Az Vev.a +v.a
viewed in a qualitative light. For example, given @ oy
that the current is increasing with time, should we ﬁ *B
expect the transformer emf to be positive or h (3) 100 turns vxB
negative’? ¢ eds loop moves in x = 0 plane
2t V13w -
If the current is positive, should we expect the
. P . . P <«—w—>p
motional emf to be positive or negative? How do . > » Y
the four components of the path integral contribute X/ Y1 i(t)

to the overall result for motional emf?

Transformer emf: From the direction of ds and B, it may be seen that the transformer emf
should be negative if the field is increasing with time.

Motional emf: Along path 1, the first part of the path integral from the negative sign of v(t) to the
positive sign, the motional emfterm v x B will tend to push a positive charge toward the
negative (-) of v(t). This contributes negatively to v(t) so that, in the sum, its contribution should
appear as negative. As one can see above it does.

Similarly, the motional term along path 2 should appear negative in the sum, along path 3
positive, and along path 4 positive.

Contributions from 1 and 3 will be equal (they’re the same distance from the current and so see
the same field) and opposite and will completely cancel.

Contributions from 2 and 4 will cancel, but not completely. Path 4 will dominate since it is closer
to the current and sees a stronger field.

10



Example: transformer and motional EMF 393
Transformer EMF: Determine whether voltages v; and v, across the stationary loops are
positive, negative, or zero for i) ot = 0, ii) ot = n/2, and iii) ot = 31/2.

i)

—|+V cos(ot) A
g - V2+
|

for ot = 0, cos(wt) is positive but its derivative is zero.
2cos ot

N SN/
| A

T 3n/2

ot

This and the direction of B and ds provide the information needed to determine whether v(t)
is positive, negative or zero.

cos(ot) A
X X |y
ds B |'V1 vt . °
-1 ds B

The determination centers on the evaluation of the integral (stationary loops).
KRG

surface

From the diagrams above, it can be seen that B and ds are in the same direction so that
the dot product of B and ds is positive. To cancel the negative sign and obtain a positive
voltage, d/dt will need to introduce another negative sign (B decreasing with time).

Here B is not changing with time. Its derivative is zero — B is at a maximum. In this case,
therefore, V = 0.

Here, B is decreasing with time. Following the reasoning given above, V > 0.

iii) Here, B is increasing with time. Following the reasoning given above, V < 0..

Motional EMF: Consider the loops to be moving. Assume the loop on the right is moving
straight up, parallel to the current, and that the loop at the left is moving left, away from the
current.

Determine whether the motional EMF for v, and v, are positive, negative, or zero for
V) ot =0, V) ot=n/2,and vi) ot =«

11
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Example: in-class exercise
Work with neighbors to develop a reasonable, physics-based circuit model of the system shown.

ds
dBg/dt>0

12



Faraday’s law — transformer and motional emf terms

gSE-dI=—% [[ B-ds

path surface

For a function of time and space, the total time derivative can be split into two operators, the first

a partial derivative of time for explicit time dependence and the other linked to movement and
spatial changes.

d_0,x0 o, @

o _ 0
= =2 +v.V
dt ot otox otoy otoz ot

Using this approach on the differential relation in Faraday’s law.

E+dl=-S(B +ds) =~ (B +ds) - (v V)(B - ds)

Taking this result with the vector identity below.
(VeV)B=Vx(Bxv)+ (BeV)v-B(Vev)+v(VeB)

which reduces to (v « V)B = Vx(BxV) +v(V « B) for constant v.
Using these results in the integral form of Faraday’s law, we have

qSE-dlz- _U aa? eds - ” [Vx(va)+v(V-B)]-ds

path surface surface

chE-dIz-U B L ds - ” [Vx(Bxv)] «ds (since V « B =0)
path surface 61: surface

cj}EodI=-Hij-ds+ ﬂ [Vx(VxB)].ds (B xv=v xB)

path surface surface

(j} Eeod=- H 6(: «ds + cJS (vxB) «dl (using Stoke's theorem)
path surface path

13



Inductance
In electrical circuits, inductance is defined by the element relation,

V= Lﬂ

dt

In magnetostatics, self-inductance was defined as the ratio of flux linkage, A, to the current, i.

A . .
L=— (see magnetostatic notes for more on flux linkage)
[

Let’s trace the path from magnetostatics to the element relation

1. From either Biot-Savart or from Ampere, the magnetic field intensity is proportional to the
current producing it.
H oc i

2. For a constant permeability, the magnetic flux density, and therefore the flux passing
through a loop, are also proportional to the current producing the magnetic field.
¢ oc i
3. Taking a time derivative of the above equation and using Faraday’s law, we obtain, the fact
that the voltage induced in a current carrying loop is proportional to the time derivative of the
current.

V % (the negative in Faraday’s law is accounted for by labeling V and i with PSC)

4. The proportionality constant is the inductance.
V= Lﬂ
dt

Flux, flux-linkage, and the self-inductance of an N-turn coil
A new term, flux linkage, can help in discussions of inductance. The flux linkage of a coil is the
sum of the flux linking (passing through) the coil’s loops.

As can be seen from Biot-Savart, or from Ampere’s law, the magnetic field, H(r), is determined
by the current distribution. If the permeability is known, the magnetic flux density can be
determined and so also the flux linking a single loop. For a coil consisting of a single loop, the
flux linkage is equal to the flux linking the single loop, A = ¢17.

¢

i /—A—ﬂ-\
b = @ B .ds k—/
surface f
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What is the situation if, instead of a single loop, there is a closely wrapped coil of N-turns?  If
the loops are wrapped sufficiently tight so that the flux linking them is essentially the same, the
flux produced would be ¢ = N¢,r. This can be seen merely by looking at Ampere’s law, if there
are N turns, each carrying a current |, then the Amperian path would enclose a total of Ni
current and the flux density and therefore the flux linking each loop would increase in like
manner.

If we can assume that the turns are close to one another and any “leakage flux”, flux that wraps
some but not all the coils, can be neglected, then the total flux linkage, A, is the product of the
number of loops and the flux linking each loop.

For the N-turn coil, the total flux due to the current i is i - ¢Tu_taf_ Nd;:ﬂ
drota = N11 (neglecting “leakage flux”) The flux linkage \r"’ * T,
for the N-turn coil is therefore
A= N(¢Total) = N2¢1T-

The self-inductance of a coil is defined as the ratio of flux linkage to current.
Lot
i

For the N-turn coil, the voltage induced across each loop is, by Faraday'’s law,

V

loop

\V/ — dd)total — d (N(IJ-LT)

% (negative in Faraday's law is accounted for by labeling V and i PSC)

PP dt ot
2
Vcoil - Nd(hotal - N2 d(b.LT - d(N (I)lT) - d_ﬂ’
dt dt dt dt

For a single loop, the ratio between the current causing the flux and the flux linking the loop is
the reluctance of the flux path, i = R ¢17

Vcoil = N2 d(l)lT = N2 d(|/:R)
dt dt
N2 di | di

Vcoil T T Ay S e
R dt dt

So the self-inductance parameter, so called since the voltage induced across the coil is caused
by the current flowing in the coil itself, can either be defined as

N N N, A

15



Example: Ampere, Faraday, inductance, and the magnetic circuit approximation ¥t
If a magnetic core has sufficient permeability, it is possible
that the flux in the surrounding materials, having a much

lower permeability may be neglected. This is assumed in / z
this problem. i

This implies that the magnetic flux is assumed to be entirely N y

a
confined to the magnetic core. Apparently the magnetic flux
. ) ) . . o U, b
is mainly due to the orientation of internal magnetic dipoles
within the core. thickness =t

That is, thinking of the magnetic flux as B = yH = 1, H + g, (1, - 1)H = y1, H + M, it is assumed
here that the magnetization term dominates the flux. This being true, it can therefore be argued
that the symmetry of the flux density vector must be that of the material. So that,

from symmetry, B =B(p) a, — H=H(p) a,

2z
By Ampere, J' Ha, « pdga, = Ni

$=0
Ni Ny i
H= —Ia¢ = B= i‘a¢
27p 27p
b t .
N i Nt (bj .
= ——a, sdzdpa, = —In|—| i
¢ '[ IOZﬂp ’ £ % 2w a

p=az

V= N% (Lenz’s law accounted for by labeling V and i PSC)

2 . 2
VzNﬂt In(gjﬂ = L=N”t In(gj
2 a/ dt 2 a

What would the result have been if N = 1?

ut (b . ut bj di
=—In| —| i and V.= "—Inl—| —
b 2 (aj o2rx (a dt
V o, ut (b) ) )
L. =—2_=_—— ="_|n|— in general, L = N°L
Todijdt i 2z \a (ng )

The above method of finding the inductance is effective for those FEW cases in which Ampere’s
law can be utilized effectively—for those few cases where simple symmetry exists.

16
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For similar cases, where there is a high-permeability core, additional assumptions can be made
leading to the magnetic circuit approximation.

1. The magnetic field, H, is parallel to the path, meaning the Amperian path

2. The magnetic circuit approximation assumes the flux density, B, is uniform across the
core’s cross-sectional area.

For a narrow washer shaped core, with the
average radius much larger than the width of the
core, the magnetic flux density would be

ae



Notice the form of the result

= d(NﬁIA) :Nﬂﬂ

per oo E l ¢ dt
2 2
h = N? KA N = N where & is the core reluctance
di/dt 4 LuAh R

Ideal Transformer ¥t

Transformers allows voltage levels to be readily changed. The ideal transformer is a useful
model where the core permeability is assumed to be infinite. Since the core’s permeability is
assumed infinite, the core’s reluctance is zero. Also, for a core with infinite permeability, all the
magnetic flux is confined to the core, there is no leakage flux. Leakage flux is the flux “leaking
out” from the core. Itis flux not confined to the core. Leakage flux links one winding, or part of
one winding, and not necessarily the other winding.

¢Ieakage ¢Ieakage

The presence of leakage flux results in difference in flux linking the two windings. In the ideal
transformer, infinite core permeability eliminates leakage flux, which results in the same flux
linking the two windings.

If both coils are linked to the same flux then, by Faraday’s law
d¢ d¢ vi(t) _ N,
v () = N,— V,(t) =N, — - 4= =_=
{O=Ng 0 =Ne g v,(t) N,

The is a time-domain relationship. Any change in v;(t) is simultaneously reflected in v(t).

Next, consider the magnetic circuit of
the ideal transformer. The magnetic

circuit consists of two sources of + L T
] . N.i magnetic circuit NLi
magnetomotive force (the two coils) and 11 for ideal transformer 2'2

no reluctance (since the core
permeability is assumed infinite).

18
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From the magnetic circuit, the currents are also related in the time domain.

Nuiy (1) = N, iy () % - E_

For the ideal transformer, power is conserved, v,(t) i,(t) = v, () i,t) — Pin (1) = Poue (t)
Considering the important special case of sinusoidal steady-state, phasor relations are obtained
where the voltage and current amplitudes are related by the turns ratio and where the phases of
the voltages are equal to one another and where the phases of the currents are equal to one
another.

19



Electromagnetics 393

One term must be added to Ampere’s law in order that a complete basis for electromagnetics is
formed. This term, the displacement current, has not been included to until this point. The
displacement current term in Ampere’s law allows the four Maxwell equations to be consistent
and provides a theory capable of simultaneously describing electricity, magnetism, and optics.

Ampere’s law, with the displacement current term is

Hedl=1+1,

path
| is due to the movement of free charge—whether by convection or by electrical conduction.

Iy is the displacement current and is equal to the time rate of change of the electric flux which, in
materials with a high permittivity, can be dominated by the movement of bound charge.

The permittivity of a material is a measure of the ease in which bound charge is polarized when
exposed to an external field. If the field is time varying, the polarization (the extend to which

bound charge is separated) will be time varying as well.

In such a case, since the field changes with time, the degree of polarization (the degree of
charge separation) will also change with time.

At

Charge is moving. Moving charge is current. In this case the movement of bound charge is
associated with the displacement current — that is, |g.

<J'>H.dl=|+ld='”. Jeds + jj D, ds

path surface surface at
oD
Hedl = J+ —|.d
pg.fh su;';-.'!l.ce( ' at ) >

20
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Maxwell’'s equations (after James Clerk Maxwell)

Integral form

i.  Gauss’ law Cﬁ) De.ds= 'm p, dv
surface volume
ii. Conservation of magnetic flux <ﬂ> B.ds=0
surface
ob
iii. Ampere’s law Sf)H «dl = J.J. (J + —j-ds
path surface at
iv. Faraday’'s law gS E.d= i _U B «ds
dt

path surface

Using the divergence theorem for i. and ii. Cﬁﬁ Feds= _m V « F dv and Stoke’s theorem

surface volume

foriii. andiv., Fedi = [[ (VxF)-ds

path surface

Maxwell’'s equations can be expressed in point form (as differential equations)

Point form
i. Gauss’ law Ve.D=p,
ii. Conservation of magnetic flux VeB=0
oD
iii. Ampere’s law VxH=J+ E
. oB
iv. Faraday’'s law VXE = E

Constituent equations include material properties into the theory. Taking the materials to be
isotropic, we have

J=cE D=¢E B=uH

The Lorentz force equation gives the force on a charged particle

F=q(E +v xB)
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Just two of Maxwell's equations are independent — Faraday and Ampere. These two equations,
charge conservation, and experimental observation imply the Gauss’ law and the conservation
of magnetic flux.

To show this, take the divergence of Ampere.
oD

V-(VXH):V-(J+EJ

Using the fact that the divergence of the curl is identically zero.

ve[a+ 20
ot

oD 0 0 .
Vel=-Vo =-—V eeD, butv.J= P (charge conservation)
ot ot ot

%(V «D-p)=0 which implies V « D - p is independent of time

Since, experimentally, we can force the charge density and electric field to both be zero in a
given region, this implies

VeD-p=0

V.D=p

This observation is can be seen as motivation to introduce the displacement term in the first
place. Without it, Ampere’s law is not consistent with charge conservation. That is, before

adding the displacement current term, Ampere’s law gave V « (V X H) =VvV.J=0

But, by charge conservationV « J = 9p Q(a_l//j = E(V - D)
ot ot\ ov ot

So that, V « (J + % j =0, which Ampere’'slawas VxH=J + % would be consistent with

charge conservation.

Similarly, take the divergence of Faraday.

oB 0
Ve (VXE)=0=Ve|-— | =-—(V B
( ) ( 6tj at( )
—%(V «B)=0 this implies V « B is independent of time

Since, experimentally, we can force the magnetic field to be zero in a given region,

V.B=0
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Traveling electromagnetic waves: an amazingly brief history

The presence of Maxwell's displacement term in Ampere’s law resulted in a theory which
predicts traveling waves. The theory predicts that these waves travel at a speed determined by
the electrical and magnetic properties of the medium in which they travel. This speed turned out
to be that of light.

This remarkable discovery led to speculation that light waves are themselves electromagnetic
waves, a fact confirmed in 1888 by Heinrich Hertz. The result was that “electricity and
magnetism” and “optics” were joined under one theory — electromagnetics.

Traveling waves 393

. : 0B . . :
The point form of Faraday’s law is V xE = E Taking the curl of this equation,

VX(VXE) = V(V-E) -V’E = Vx (——j =—§(VXB)

In a source free region (p, = 0) and (Jsource= 0) region.

V(V-E)-VZE:-VZE:-g(VxB) (V.E:&:Oj

oE oD oD
V2E=y§(GE+g—J (VXH=J+—=J +J + j

source conduction
ot ot

Note: the assumption of Jsource = 0 does not imply o = 0. Therefore, Ampere’s law reads:

VxH=J — =—ocE +&s—

ot

conduction

The result is the wave equation.

Wave equation forc =0
0 ( oE

V’E = pe—| —

# at(@tJ

O°E
‘QIZEE - /Ié?'z;{z— =0

Solutions to this equation are waves which travel through space. For example, consider the
scalar wave equation,
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«Q

z2 vt

0° 1 0°g
2 A2

o))

Solutions for the traveling wave g have the argument (t = z/v), with the +sign corresponding to a
wave traveling in the —a, direction and the —sign corresponding to a wave traveling in the +a,
direction. The form of the solutions are

g=g(ti5j
\

This solution satisfies the wave equation. Assigning the argument o =t + z/v, substituting and
using the chain rule of differentiation, first for the spatial derivative,

@ = @a_a = @(-}-l)

0z oo 0z oa\ Vv
3(@} _ a_g(zj
o0z\ oz oo’ v

and next for the time derivative,

So that the form of the solutionis g=g (t + EJ.

\

The form of the function g needs to be determined. From the wave equation, one can see the
requirement is for the second derivative with respect to (w.r.t.) position be equal to the second
derivative w.r.t. time. Harmonic functions (sinusoids or exponentials) will work.

Using cosines,

L L z
For a wave traveling in the +a, direction, E,(zt) = E*cos(t - —j
v

. o z
For a wave traveling in the -a, direction, E (zt) = E‘cos(t + —J
v

These represent electric waves. The electric vector points in the a, direction and travels either
in the +a, or the -a, direction. When one says the electric vector points only in the a, direction,
what is meant is that the vector has only an a, component and that it is positive.
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Using vector notation for the wave traveling in the +a, direction.

E=E,(zt)a, = E*cos(t - Ej a,
v

For the wave traveling in the -a, direction.

E=E (zt)a, = Ecos(t + Ej a,
v

A phase, ¢, could be added to the arguments and the solutions would still satisfy the wave
equation. The arguments could also be multiplied by a constant and remain solutions to the
wave equation.

This leads to discussing a common alternate form of argument. This is the form of the
argument that will me used most often in our work.
z

t+ Z= t+ y where f is linear frequency and A is the wavelength
v

Multiplying the argument by 2xf,

—ot+pz
27 B

2nf t+i =2nft+ z
fr v

Where o = 2xf is the angular frequency and = 2=/ is the wavenumber.

Writing the argument in this form,
E =E;(zt) a, =E'cos(ot-pz) a, for wave traveling in +a, direction

E =E,(zt) a, = Ecos(wt+ pz) a, for wave traveling in -a, direction
As before, one is free to add a phase to the arguments.

Using Cartesian coordinates, the vector wave equation for E can be expressed as:

V’E = ,ugé(ﬁj

ot\ ot
OE, + OE, + OE, _ 862EX (a, component)
o oy a2 T x
o’E, OE, @ OE, O’E,
o + Y + 7 Mo (a, component)
O°E, A 0E, OE, _ 0OE,
o + Y + poc el - (a, component)
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Comparing v in the scalar wave equation to the factor pe in the vector wave equation from
Maxwell’s equations, it is clear that

v=1/\en

In vacuum or free space, e =g, and u = p,, V==C

c= _t = — 1 - =2.998 (10%) m/s
&1, [8.854(10%) Fim | [42(107) H/m ]

This result provided solid evidence that electricity, magnetism, and optics might well be simply
aspects of a more general electromagnetic theory.

Plane waves It
Plane waves are waves in which the wave fronts
are planes. An example of a plane wave, Electromagnelic waves Irerepest /
. . emargy Srough emply space, sioned
consider an electric vector E = E,a, and take E, hihap:pgﬁig elociiic and 'y
m L+
to depend only on z and t, = \
OE, _, OFE, Electri
— i ;i ariad
072 2 o et waniatinn 1
tegnetic Nl it
s Uy el
. . L d papendiuler | ESRREL gl
The solution must be a function for which its 2" e o ak_o4 -5 } . r: b ig? e weinion
derivative with respect to z is equal (aside from §::::7_L. oL il”
a constant multiplying factor) to its 2" derivative — TR
. — A pinger e Sorernary i
with respect to t. e pe il s oM W
/I-\\" e airt and magnatiofietls b
EX(zt) = E* cos(a)t$ﬂz+gf) -~ ! "prce

Since the wave’s phase is constant across
planes parallel to the x-y plane, these waves are called plane waves. Since their amplitude
and direction are uniform on these planes, they are called uniform plane waves.

Wave travel arbitrary directions — the wave vector It

The general formulation of a uniform plane wave traveling in a lossless medium includes the
vector's magnitude and direction, E,, and describing its travel by a wave vector = 3 ag. The
wave vector's magnitude is the wavenumber p = 2r/A, with its direction in the direction (ag) of
wave travel.

E(r,t) = E,cos[wt- (B +r) +¢] (T.D.) E(ot) = E, e*e’®"" (F.D)

Where E, and B are orthogonal for a TEM wave. Expanding the relationship using Cartesian
coordinates.

E(xy.zt) = (E,a, +E,a, +E,a )cos[mt- (B.a, +B,a, +B,a,)« (xa, +ya, +za,) + ¢]

OoX X 0z7z
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Harmonic analysis 393
These plane waves could describe traveling EM waves at one frequency or they could be
Fourier components of more complex traveling waves.

Why use complex valued waves? The reason is that the mathematics is often simpler, the
same reasons that phasors are used in circuit analysis for sinusoidal steady-state analysis.

E.@1) = E' cos(ot-fz+e’) = Re[E*eJ(“’"ﬁ”’ )}
(wave traveling in +a, direction)

El(zt) = Re[E*e”’e"ﬁZej""} = Re[E*e'jﬂZej‘”‘]
E,(z1) = E cos(et+fz+e) = Re[E'eWejﬁzej“’t] = Re[E'ejﬁzej“’t] (travel in -a, direction)

Harmonic analysis is similar to phasor analysis (phasor analysis is a special case). Taking ¢"

and ¢ to be zero, the frequency-domain plane waves can be identified.

E (z,0) = E'e¥* + E'elf

Maxwell’s equations in the frequency-domain (harmonic analysis)
From the above discussion, it is clear that as long as the field varies harmonically with time, a
corresponding complex field can be constructed, where its real part is the original field.

E(x,y,z,t) = E+COS|:0.)t - (B . r) + ¢+:| = Re{E* e'J(B")ej({‘)t+ ¢+)} - Re{E+e-i(B°f)eJ¢+ejwt}
E= Re{éem} E= Eelt el
Just as in phasor analysis, the derivative with respect to time corresponds to a jo multiplier in

the frequency domain.

%E = %Re{ﬁej“’t} = Re{gtﬁej“’t} = Re{jwﬁej“"}

QE o joE
ot

In the frequency domain, Maxwell’'s equations become

VxE = -joB
VxH=J +jwD
VeD=p
VeB=0
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Example: 100 MHz electric wave traveling in air, into the center of the first octant 393

a_[ia+ia+iaJ A:

W V3 B _

ﬁ_Baﬁ

Choosing E perpendicular to travel
1

» Y

Since the wave is traveling directly into the center of
the first octant, and since it is clear that

(cos 8,)" + (cos ey)2 + (cos 0,)" =1

The angles for the directional cosines, all equal are,

cos'l(]/\/§) =~ 54.7°

From the propagation speed and the frequency, the wavelength and wavenumber can be found,

A=—=_—Y_"J " =-3m =2n/3 m™.
f 100(106) Hz b

B =B a, = B(cos0,a, +cosb,a, +coso,a,)

Suppose further that the amplitude of the electric wave is 100 V/m. Given that E and 8 are
perpendicular, it is required that

Therefore, the traveling wave is described in the time domain as

1 1 2
E=|—=a +-—=a,-—=a,|100cos |27n10° t- = - == - ——= | V/m
(JE J6 7 6 j ( j

In the frequency domain, the wave is described as

(x .y, 2z
E:( 1 1 2 leO e_J[ﬁ B ﬁ] V/im

—a +-—=a, -—a,
J6 J6 7 6
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TEM waves It
Consider a frequency-domain description of a time-harmonic uniform plane wave, pointing in the
a, direction, and traveling in the a, direction.

E = aEel”

The accompanying magnetic vector can be found from Faraday.

VxE = -joB
Solution
B=ufi= L VxE S A=JdvkE
o X0

- j[(eE, oE, OE, OE 0E, oE

H=— L - —la, + X . —zla, +|—L-—%|a,
wo|\ oy o0z oz ox )’ ox oy

- jlreo a0 oEe” 50 00 oEei””

A= L|[ZE.Za + D 4|2 a,
nelloy oz 0z ox )7 | ox oy

H= L(-jBEe'”}Z) a, = B g a, = oen Eel a, = _E e a,

) no nw M

€
The electric and magnetic vectors perpendicular and both are perpendicular to the direction of
propagation. a; x a, =a,

n= E :\/Z has units of Q and is
H &

called the wave (or intrinsic)

impedance, 7, = /& = 377Q
80

The result is

Electric
field variation

H=a, x 1E or use Faraday’s law
n !

=nH x a; oruse Ampere’s law

27 S=ExH
n= % ,B:_

@
v =f1 = — (general)
B

VvV =

(lossless only)

1
Jeu
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Example: plane waves ¥t
Take g =4, u, =1, find i) v, ii) A at f = 1 GHz, iii) B, iv) description of the electric vector and v)
description of the magnetic vector.

|) V= ; ~ l 1
Ve, 2 [8.854(10") F/im] [47(107) HIm

v = 1.5(10°) m/s

i) the wavelength for f = 1 GHz = 10° Hz

1.5 (10°%) m/
= v ._ # =0.15m
f 10° Hz

iiiy Bforf=1GHz
27 27 40t

B:—: = m
A 0.15m 3

iv) the mathematical description for this electric field, traveling in the +a, direction. The field points
in the +a, direction and has an amplitude of 2 mV/m. Take the phase, ¢, to be zero.
-express in the time-domain

E =0.002 cos (275109 t- %Onzj a, V/im

-express as a frequency-domain vector
407

E=0002e" ® ‘a, V/m
v) give the corresponding magnetic vector

0.002
188.5

cos (27:109 t - %zj a, A/m

-express as a frequency domain vector

0.002 j4or
— e

~ =z
H= 3 a, A/m
188.5 y
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Sources for TEM waves
Strictly speaking, uniform plane waves do not exist. By definition, a plane wave extends over an
entire plane and would therefore have infinite energy.

The two sources for uniform plane waves would be 1) planes of charge, varying sinusoidally in
time and 2) planes of current, again varying sinusoidally in time.

Why do we study uniform plane waves when they don't even exist?
i) wave fronts that are distant from their source approximate plane waves

receiver

| approximately
Q @ plane wave

antenna

i) using superposition, plane waves can be combined to produce more complex forms

same strategy as that of time-domain analysis [finding system response to impulse,
then using superposition (convolution) for find system response to general input]

same strategy as in frequency-domain analysis [finding sinusoidal response, they using
superposition (Fourier) to find system response to general input]
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Example: generation of plane waves

Given the surface current K = a,2 sin(ot) A/m Az
on x=0 plane. Given the time-domain and
frequency-domain waves for all space (assume
free space or air). K

Given this symmetry, it is clear that the
magnetic vectors must point in *a, direction

x
Harmonic solutions satisfy the wave equations obtained from Maxwell's equations. The solution will

also meet boundary conditions and satisfy symmetry requirements.

From symmetry, there are two waves, one traveling in the +a, direction for x>0 and the other
traveling in the -a, direction for x<0.

, sin(ot - Bx) a, x>0
Solutions are H = . .
-sin(ot + Bx) a, x<0
To check these results, confirm that the boundary conditions for H are met.
a, x (Hl-Hz)zK

Example: transverse electromagnetic (TEM) waves
An electric field with a magnitude of 188.5 V/m

points in the a, direction and travels parallel to the

x-y plane as shown. The wavelength is 700 nm

and the medium is air. Give the frequency domain
description of E and H.

B =2n/700(10°) m* = 9.0(10°) m*
B = pa, =9.0(10°) m*(cos 45° a, + cos 45° a,) =6.3(10°)a, + 6.3(10°)a, m*

-j[6.3(106)x + 6.3(106)y]

E=1885¢e a, Vim
i 6\x + 6. 6
_ 188.5 i63(10)c+0300%)y| (@, @, A/m
377 V2 2
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Earth’s magnetic field

What is the source of earth’s magnetic field? From the structure of the earth—uwith its solid,
mainly iron inner core, liquid nickel-iron outer core, , plastic mantle and rocky outer crust—it is
tempting to suppose that the inner and outer cores rotate at different speeds than the mantle
and crust and that the core would therefore as a rotating permanent magnetic since both nickel
and iron are ferromagnetic.

The problem with this conjecture is that the core is at too high a temperature for either nickel or
iron to act as permanent magnets. It is characteristic of ferromagnetic materials that they have a
maximum temperature, the Curie temperature (T,), above which they cannot maintain their
ferromagnetic properties. The Curie temperatures for iron and nickel are below 800 °C (360 °C for
nickel and 770 °C for iron) while the outer

core is at 5000 to 6000 °C and the inner core Geographic  Magnetic
is even hotter. North Pole north pole

\ /
Current evidence points to the earth’s \\ /¥
rotation as being the ultimate source of the ==l ~— ™ " f
fields but, rather than the core being a i N
rotating permanent magnet, the rotating core B P LG P
carries electrical current which produces the 4 g : - y
magnetic field. The picture is that of a |
current loop giving rise to a magnetic field. " [ 'I

!

|

|

An important test case for this model is ’ \ o
Venus, which rotates very slowly ( a % '~

Venutian day is about 240 earth days). Our
model would predict little magnetic field ~———— o ]
since the source of the movement carrying 7 .

the electric current is largely absent in the ~" S [ | :

case of Venus. This is precisely what we b ,-" \ N
find. "l R .

1) The geographic poles and the magnetic poles are not aligned. Moreover, geographic data
provide evidence that the position of the magnetic poles vary and may flip.

2) Labeling for the magnetic poles does not follow the normal convention where the north pole
is the source of flux and the south pole is the flux sink. The earth’s magnetic “south pole” is the
source of flux and the magnetic “north pole” is the flux sink. This results in the north pole of a
compass needle point towards the earth’s magnetic “north pole” which would actually be its
magnetic south pole if the normal convention were followed.
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3) The surface strength of earth’'s magnetic field ranges between 0.3 and 0.6 gauss (30 to 60
uT). Compare this to a typically values of 2000 gauss for flexible permanent magnets, to 3500
gauss for ceramic magnets, to 10,000 gauss for AINiCo magnets, to over 10,000 for neodymium
magnets. Also compare to the approximately 10 uT field 2 cm from a 1A line of current in air.

Aside from allowing the compass to be used for navigation, what does the earth’s magnetic field
do for us? Answer: Much.

Solar wind consists of high
energy charged particles
(electrons, protons and
ionized helium) which escape
from the sun and travels
radially from the sun. Vital to
all surface life on earth is the
fact that earth’s magnetic field
deflects the solar wind which
would sweep away its
atmosphere.

* Artist rendition: National Geophysical Data Center

The aurora borealis (northern lights)
and the aurora australis are due to
energetic charged particles—trapped
from the solar wind while some may be
due to ionization of neutral species by
cosmic rays. When these particles
collide with oxygen or nitrogen, they can
cause excitation to a higher energy state
which, upon decay, results in photon
emission.

From Northwest Suburban Astronomers
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Why do the lights appear mainly at the northern and southern
poles? The ionized particles are trapped by the earth’s
magnetosphere where they form belts of plasma—the Van
Allen radiation belts. At the earth’s magnetic poles, many of
the particles are reflected, with only the most energetic
traveling on the atmosphere, into the region of the poles
where they collide with O, or N, which, in turn leads to the
aurora display.

From University of Michigan

Comets (Greek for “hairy star”) are objects which orbit about the sun, sometimes in quite
elongated elliptical orbits. When far from the sun, only their heads are visible. As they draw
closer to the sun, they develop two tails, an “ion tail” and a “dust tail.”

The ion tail is composed of neutral gas molecules which
are ionized by the UV photons and then swept away
from the sun by solar wind and which are visible
because they fluoresce (they often appear blue since the
dominate ion species CO" scatters blue well). Being
molecular in size these ions form a tail that points
directly away from the sun, even when the comet moves
away from the sun, and is relatively narrow.

The dust tail consists of more massive dust particles

which have been moved away from the comet’s center

by radiation pressure. They are visible because they Two tails of Hale-Bopp ~ David Jewitt
reflect the sun’s light. Radiation pressure is due to Institute for Astronomy — U. of Hawaii
momentum transfer from the photons of the sun’s

radiation.

p = E/c = hflc = hA

An interesting detail of the dust tail is that it is slightly curved, an effect especially noticeable
near the sun. This is due to the dust particles having a greater radius from the sun without
having gain any speed, making their period of revolution about the sun longer.
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Lightning

Raindrops experience a net loss of electrons during their
trip from the clouds to the earth. The result is a tendency
for the earth to be net positive. Another result is that the
upper regions of clouds tend to have an excess of
electrons and their lower regions to be positive. This
charge separation gives rise to lightning discharges within
and between clouds as well as from cloud to ground.

Charge separation between the cloud and earth produce a
strong electric field. The electric field which results can be
sufficiently strong to ionize the air which results in stepped
leaders, negative discharges which head toward the
ground. Lightning is typically initiated in the cloud since
thinner air is more easily ionized. As these negative
leaders approach the surface of the earth, a positive leader
from the earth is formed, which upon connecting with the
negative leader from the cloud, forms a complete

From the Franklin Institute

conducting path from the cloud to ground. After the discharge path has been established the
much brighter “return stroke” occurs carrying high currents and dissipating a large amount of

energy.

Electrostatic filters

The emissions from coal-fired plants include a wide variety of trace
materials in addition carbon compounds, including heavy metals and
radioactive materials.

Design an electrostatic filter for an electric utility in order to remove
particulate emissions from their coal-fired plants. The initial design
an array of plate structures like that shown below. The particles have
mass of less than 1 mg and are given a charge

of 10-12 C. The emissions total 2 tons/day.

Find the voltage and power required to remove the particulate
emissions. To find the voltage required, allow that the particles can
at the positive plate. To determine the power required, assume that,
average, the particles begin middle distance between the plates.

0.2m
|<—>|
will be
5 m g
— begin
T on
0.5m/s
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Integrated passive devices

Supplying the highest frequency currents in high-speed systems is the most difficult challenge.
High-frequency decoupling capacitors are placed close as possible to integrated circuit (IC)
chips in order to limit inductance and careful attention is paid to their mounting. Decoupling
capacitors are designed for low equivalent series resistance (ESR) and low equivalent series
inductance (ESL). The purpose of this careful design and manufacture is to allow decoupling
capacitors to effectively supply high-frequency current while maintaining a constant voltage.
Decoupling above 100MHz present challenges when standard SMT capacitors are used and
decoupling above 500MHz typically requires special low-inductance capacitors. These
capacitors are often four-lead capacitors to reduce magnetic coupling which can, in turn, result
in a more stable voltage at the chip. Integrated capacitors R

are readily designed with a lower inductance than discrete
capacitors because of the fundamental different current
paths. In the leads of the SMT capacitor, the current are in
the same direction whereas in the plates of an integrated
capacitor, the leads are much shorter and the current on the
plates are in opposite directions. This is the fundamental
physical reason that integrated capacitors have a much —
greater potential for power bus decoupling at high ! =
frequencies. -

SMT

Further investigation in this area is needed for decoupling F/i P C
capacitors, for RC terminations for high-speed lines, and for filtering applications. Motivations
for widespread use of integrated passives include size reductions through fewer mounted
components, cost savings through simpler packaging, reliability improvements through fewer
solders, Sl improvements through shorter paths with fewer discontinuities, and high frequency
performance improvements through improved placement.

Sensors
The capacitance of the structure is determined by the geometry of the conductors and the
permittivity of the insulation.

charge stored

on upper plate
pperp area of one

AN q A/ of the plates

T = Y = - - + /vo\tage across plates
d \'
/ 2 _ - - - -

plate separation

permittivity of insulator
charge stored separating plates
on lower plate

Parallel Plate Capacitor
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If the plate separation is small compared to their area, the capacitance is simply related to d, A,
and e.

While this relation holds in detail only for the parallel plate capacitor, it does show the general
trends that hold true for all capacitors. The capacitance increases as the insulator permittivity
increases, increases as the conductor area increases, and decreases as the conductor

separation increases.

Te, TA ld = 1TcC

In summary {u LA td = lc

Capacitive sensors change their
capacitance due to either 9
changes in geometry (plate _ :

separation, plate area) or/and AR
due to changes in permittivity.

Micro-electromechanical systems
(MEMS) based accelerometers
are standard sensors used in
deploying air bags in
automobiles.

The accelerometer can be
modeled as a 2"-order system
consisting of a mass, a spring,
and a damper. The mass is
primarily that of the proof mass.

— ——
—
R I P e T AR

MEMS Accelerometer
] ' (adapted from Analog Devices)
The spring constant is

determined by the spring elements between the proof mass and the accelerometer substrate.
Damping is mainly determined by the viscous damping of the accelerometer atmosphere—often
“squeezed film damping” due to the small dimensions of the device.
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The sensor is comprised of two capacitors connected by a common plate as shown below in a
simplified diagram.

|

1

(@]
N

N

Simplified Functional Diagram of MEMS Accelerometer

The capacitors in a typical MEMS accelerometer at rest have capacitances of about 0.1 pF with
a gap distance of approximately 1.3 pum.

c,, = 2IPF o4 pF(l ¥ %) (for x <<x,)

U1 x
XO

MEMS accelerometers are often designed so that they remain very nearly in quasi-static
steady-state during acceleration. That is, their time constants are much smaller than those
involved in the acceleration.

LI

2
K =1 p equation of motion: szz( + b% +kx=0

w X (measured from
static eq. pos.)

Mechanics of MEMS Accelerometer

In this quasi-static case, the derivatives can be neglected.

ma _ a a

kx = ma = X =

k  km &
The basic trade-off can be seen to be one between sensitivity and speed. To make the device
able to respond more quickly, the natural frequency should be increased—either by increasing
t